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a b s t r a c t
We describe a surface in R3 which is called the stability cone. We prove necessary and
sufficient stability conditions for the delay differentialmatrix equation x˙+Ax+Bx(t−τ) =
0. These conditions are formulated in terms of the location with respect to the stability
cone of some points determined by the eigenvalues of matrices A, B and the delay value.
We require that matrices A, B admit a simultaneous triangularization.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The stability problem of the delay matrix equation
x˙(t)+ Ax(t)+ Bx(t − τ) = 0, τ > 0, (1)
with A, B ∈ Rm×m, x : R+ → Rm, has a long tradition (see, e.g., Gopalsamy’s book [1, Section 3.6] and references therein).
Rekhlitskii [2] described some stability ovals for Eq. (1) with A = 0. Mori et al. [3] gave some sufficient conditions for
the stability of (1). We consider the case of matrices A, B admitting simultaneous triangularization, which is known to be
equivalent to the assumption that AB–BA is nilpotent [4]. In this case the problem is reduced to the stability problem for
scalar equations with complex coefficients, which was studied by Kiryanen and Galunova [5]. But there is no geometric
interpretation in [5].
In this note we give a clear geometric description of the values of the delay τ which provide stability of (1) with
simultaneously triangularized matrices A, B.
2. The main result
Definition 1. The stability cone for (1) is a set of points (u1, u2, u3) ∈ R3 such that
u1 = −a cosω + ω sinω, u2 = a sinω + ω cosω, u3 = a, (2)
where the real parameters a, ω satisfy the conditions
a ≥ −ω/ tanω, −π < ω < π. (3)
We use the stability cone (2), (3) in R3 to analyze Eq. (1) with simultaneously triangularizable matrices A, B of any
dimension.
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A similar term ‘‘instability cone’’ is used in [6]. The difference is that our cone is a surface in a parameter space, while the
instability cone lies in the phase space of a differential equation.
Here is our main result.
Theorem 1. Let A, B, S ∈ Rm×m and S−1AS = AT and S−1BS = BT , where AT and BT are lower triangular matrices with elements
λj s, µj s (1 ⩽ j, s ⩽ m). Let points Mj = (u1j, u2j, u3j), (1 ⩽ j ⩽ m) satisfy the conditions
u1j = τ |µjj| cos(argµjj + τ Im λjj),
u2j = τ |µjj| sin(argµjj + τ Im λjj),
u3j = τRe λjj.
(4)
Eq. (1) is asymptotically stable if and only if all the points Mj (1 ⩽ j ⩽ m) lie inside the stability cone (see Definition 1).
If there exists a point Mj (1 ⩽ j ⩽ m) lying outside the stability cone then Eq. (1) is unstable.
Proof. Let usmultiply (1) by S−1 from the left andmake a time change t = θτ . Applying the change of variables x(t) = Sy(θ)
we obtain
y˙(θ)+ τATy(θ)+ τBTy(θ − 1) = 0. (5)
Let us denote θ by t , let y = (y1, . . . , ym)T and let us write (5) as a triangular system of scalar equations (1 ⩽ j ⩽ m)
y˙j + τλjjyj + τµjjyj(t − 1) = −τ
−
k<j
λjkyk + µjkyk(t − 1). (6)
In (6) we make the substitution yj = exp(−iIm λjjt)zj and multiply (6) by exp(−iIm λjjt). We obtain a triangular system
where the coefficients at zj in the left part are real:
z˙j + τRe λjjzj + τµjj exp(iτ Im λjj)zj(t − 1) =
−
k<j
νjkzk + ηjkzk(t − 1), (7)
where νjk, ηjk are constants. Let us also consider a homogeneous diagonal system, corresponding to (7):
z˙j + τRe λjjzj + τµjj exp(iτ Im λjj)zj(t − 1) = 0, 1 ⩽ j ⩽ m. (8)
Let all the points Mj defined by (4) lie inside the stability cone. The intersection of the cone and a plane u3 = u3j ∈ R is an
oval (see (2), (3)):
u1 = −u3j cosω + ω sinω, u2 = u3j sinω + ω cosω, −ωj ⩽ ω ⩽ ωj, (9)
where ωj ∈ (0, π) is a root of the equation u3j = −ω/ tanω. The point M∗j = (u1j, u2j) ∈ R2 lies inside this oval. So, as is
well known (see [3, Appendix B], [7]), in this case the system of equations (8) is asymptotically stable.
The first equation of the system (7) coincides with the first equation of the system (8), so it is asymptotically stable,
which means that all its solutions decrease exponentially. All the right parts of the other equations of (7) decrease
exponentially, and the corresponding homogeneous equations are exponentially stable. Therefore their solutions decrease
exponentially [8]. Thus system (7) is asymptotically stable. This means that (1) also asymptotically stable.
Let some point Mj = (u1j, u2j, u3j) defined by (4) lie on the surface of stability cone (2), (3) or outside. Without loss
of generality we put j = 1. The section of the cone cut by the plane u3 = u31 ∈ R is the oval given by (9). If the point
M∗1 = (u11, u21) lies on the boundary of the oval, then the first equation of the system (7) is not asymptotically stable,
because in this case its characteristic equation has a pure imaginary root. IfM∗1 lies outside the oval then Eq. (7) with j = 1
is unstable (see [3, Appendix B], [7]). But the system (7) is (asymptotically) stable if and only if Eq. (1) is (asymptotically)
stable. Theorem 1 is proved. 
Example 1. Let us consider the system (1) with matrices
A =
 1 1 −3 2−3 1 −2 3−1 0.5 4 −2
−3 2 −1 1
 , B =
 −9 9.2 −38.6 26.4−26.6 7 −8.4 8.6−1.2 −4.9 41.6 −21.4
−22.6 1.4 −0.2 7
 . (10)
Using the geometric approach proposed in Theorem 1we can find all the values of the delay τ implying asymptotic stability
of (1). Since B = 0.8I + 0.2A+ 2A2 it follows that A and B commute and so they can be triangularized simultaneously to the
forms AT , BT respectively. Their diagonal elements λjj, µjj (1 ⩽ j ⩽ 4) are
λ11,22 = 2.3677± 1.5138i, λ33 = 3.5620, λ44 = −1.2975,
µ11,22 = 7.9025± 14.6403i, µ33 = 26.8877, µ44 = 3.9073. (11)
Changing τ , we draw curves (4), (11) (1 ⩽ j ⩽ 4) and the stability cone (Fig. 1).
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Fig. 1. Example 1. The stability cone and the curves (4), (11) in two different projections.
Fig. 2. Example 2. The stability cone and the curves (4), (13) in two different projections.
When j = 1, 2, the conic spiral (4), (11) intersects the stability cone if τ = τ1,2 ≃ 0.0354. Because Im λ33 = Im λ44 = 0
the conic spiral (4), (11) degenerates into a straight line in the cases j = 3, 4. When j = 3, 4, the points of lines (4), (11)
lie inside the stability cone if and only if τ ∈ (0, τ3), τ ∈ (0, τ4) respectively, where τ3 ≃ 0.0638, τ4 ≃ 0.3341. Since
τ1,2 = min1⩽j⩽4 τj, Eq. (1) with matrices (10) is asymptotically stable if and only if τ ∈ (0, τ1,2).
Example 2. Let matrices A and B be
A =

0.72 −0.96
4.08 −0.60

, B =

0.08 −0.08
0.34 −0.03

. (12)
Since A = 12B− 0.24I , it follows that matrices A, B commute. The eigenvalues of A, B are respectively
λ11,22 = 0.0600± 1.8658i, µ11,22 = 0.0250± 0.1555i. (13)
Due to the symmetry it is sufficient to study the relative position of the conic spiral (4), (13) with respect to the stability
cone (2), (3) just in the case j = 1 (see Fig. 2). The curve (4), (13) gets out of the stability cone five times at the delay values
τ1 ≃ 0.2729, τ3 ≃ 3.3978, τ5 ≃ 6.5218, τ7 ≃ 9.6457, τ9 ≃ 12.7675. The curve enters the stability cone four times at the
delay values τ2 ≃ 1.6893, τ4 ≃ 5.3439, τ6 ≃ 8.9955, τ8 ≃ 12.6502. Therefore Eq. (1) with matrices (12) is asymptotically
stable if and only if
τ ∈ (0, τ1) ∪ (τ2, τ3) ∪ (τ4, τ5) ∪ (τ6, τ7) ∪ (τ8, τ9).
3. Geometric interpretation of delay-independent stability
For the study of the delay-independent stability of (1) with simultaneously triangularizable A, B ∈ Rm×m we consider
m + 2 cones. The first one, K 1, is the stability cone (2), (3). The second one, K 2, has an equation u21 + u22 = u23. K 1 contains
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K 2 (with the restriction u3 ⩾ 0) and points of K 1 come arbitrarily close to K 2 as u3 → +∞. In the case Re λjj ≠ 0, µjj ≠ 0,
m other cones Kj are constructed using
Kj : (Re λjj)2(u21 + u22) = |µjj|2u23, 1 ⩽ j ⩽ m,
whereλjj, µjj are entries of AT , BT . On the cones Kj there lie conic spirals (4), pointed out in Theorem1. The spiral degenerates
into a straight line when Im λjj = 0. If Re λjj ⩽ 0, then u3 ⩽ 0 in (4), and therefore the points (4) get out of K 1 as τ increases
(if µjj ≠ 0), and this implies instability. Therefore, delay-independent asymptotic stability of (1) arises if and only if for all
j (1 ⩽ j ⩽ m) Re λjj > 0 and cones Kj lie inside K 2, in other words |µjj| < Re λjj holds.
This conclusion is not quite new. It can be derived from the delay-independent stability criterion of the paper [9]. Our
consideration in this section reveals the geometric nature of the condition for delay-independent stability.
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